Mot () Exam | Content

Potﬂmmi ds

f(x):aﬂx"»«a.\-. X" raxea, , whare  gieR, a*0  is @ polynomia of d‘ﬁru. n,
with Lading coefficient a4
and| y-interctpt (0,800
Aess {orwﬂ‘.‘j: given o Pol-dmomiai, it rec i the hghest power of X Hhok agpears
od its lmclim] Cbt«idu\t s ta cu({,faiu& of the h'u]hasf power o‘Lx.

C\(o.mples. Pe3-2x+l nae degres S, and Loding  cofficient 1
Tt -2 - 1® s ou_ﬁw.l'l, ond. Uoding ecoefficient -2
-F(I\ =ﬂ(x-Q""(i,(_ﬂma,.-(x-cr)"' . e {adarul form of o Polgnomiui with digret M +Mmo+..+Mme
and Moding wc«-'d%t 3]
The /ﬁadbfed\ brme allows us to find  the 2008 [wointecepts of fod ond their wudbplicities.
Eodh Ciis o zem, with wukkiplicity m;

3 2 i

examples. (-4 & o Fo\\anomioi o, dmﬁm, 143426, with lm.lllm] cocaiclu\k -1,
Yoo 20 ane: %20, or (00), with Mwu—;pnwra 1
x=12, o (3,0), with Mul:l'ip\id% 3
x=-7, or C10), with Mubl"‘glid{a 2

2
A (x+3)(5x-aN ® o Fo\\smomiai o degrer 241 =3, with tuulim’ coe«iclu\k 9.
rolny K% catem e 2oy o x=-3, or £30), with M&i@lid*a 1
like this, st it equal -2 3 iplict
+o zero ond s»lvte}ﬂ x X=5,er G, with AR u{'a 2
Sx-2-0 » x=%
iS Hhe zero

L;iho.*]?ddoes i!;t();‘u, l.mdiv\g coefficient, 2oy [multiplicibies Al wa okeut  Hw graph

11 End behawior: - The ends a‘ an even dujra po|ﬂr\owu'ai go in the some direction
i Hhe kodi we{‘-‘du\k is positive: A x-oo, Yo® amd ot 1> -0 y—eo
if e (wAWﬂ coefficient is negative: As x00, Yo oudk 0% T - y—-w
- The enols u{, an odd degre polnv\ow‘al go in oppsite  directions
if the boding coefficient is positive: As xaom, ys® owd ot T - Yoo
Y w"\‘d wq‘ideM' is © AS X900, Y- aud 08 T3> - Yo

2. Behavior of 1—(“@[&?“3: - A zro with Mu.lHi:l&c.il-, 1 posses sh«uﬂhf H\muﬂk Hthae x-oxis —F~—9x
. A 200 wthh even Mu.lHF‘-(.ifn bowunus 0“ 9‘ "“‘\.l. A- axig —l o
- A z=vo with odd Mu.l{—i?lit.il-, posses H\I‘ouﬂk the x-oxis <+ »‘laﬂ'uts —ls

The higher the mudtiplicty, Hhe flotier H line



exomplas, tijk foo = - x3-2x* +3x

First, we foctor $0O. We pull out the common trm (-x) to get feo= -x(P+2x-3)
Than, sina (D-C1D=2 and EN4ED=-3, we fackor e quadrakic, geking = -x(x-2D(x-3)
We con now st that the zeros ae ok (00, (2,0), and (3,0) |, and cach has mudtiplicity 1
Neck, we nsle thok  § has digree 3 (odd) and fading  cotfficient -1, >t end beharior is

A%, Yy=>-x ~ X -, y—oo

To graph, we »‘irs\L plot Hat zeres

Then  sind 08 X = -, Y>o©, we drow o link qoing

wp and to Ha JA.{P stonting ot (0,9

ond  sSMUL o xX—>oo, A, we drow a line going down amd- to Hu (ij‘mf ﬁmd-mq ok (30)
Then siaw the  wawdtiplicity of each

A-0X(S,

line s 1, ot each 200 we 9 sh'a.'ualnf 'l"\rou.ﬂlm tha
|4s usu.onﬁ best  to  work Lft — FiﬂM

Write o Pos&ibu- funckion for Hu graph
O‘ﬁ +ha d.Lgf‘U. 5 #\aﬁumﬂj\v
First, we ser thok the zems wu ok e,
X= -2, with MMAHP“‘;H A, quing us tha term (x+2)* anll
x= d, with mutiplicity 3 guuing us e term (x-4)>?
So we know  §0 = A (2N (x-4).
We wat Hu y-interapt  to find the Leading wefficent Q.

The yink. is (0,2), So we krow §(DH=2.  From our formuwla, we know %\=H(°f1\1(0-q\3

Se f©=2=-2%60, sc A= ——l-‘._;g =a@EP ¢4y’
Tharefore \ 3 =8 @) (—6H)
f~ -133 (X+2)* (=4 —-256 A

Rattonal functions

O
Y PO, g0 au polynomials, foo = _‘ET’S w o cokional funchion,
o f°
- A ‘hole /removable point * is o zufo o both peo and gu) , ve, oo of bobh Hha numeralor and dunominator

« An (x-inbrapt of Fa) a0 of PO thetis not ahole
- P votical amwptde of fo) i a 20 of g0 Hhekis not ahole

—2) (x+1) (x+3)
examplos. fey = GV

X (x13) has a hole ot x=-3, x-iv&uu.pfs (2/0) omd {—l,o\, ond a VA at x=0

2o e
f’(L\ = :1_:;) = (x(:i-;:\ hos o hole ok x=-2 , on x-interupt (9,0, and wo V.A.

Horizonkold Asymptotea-

et n be the dogree of pod  and Wk m be Ha d.z.ﬂra.::‘%m. Than e ane 3 cases fhot F(ﬂ-—%%
coudd. falk into:

lom=n Ak oo be tha boding coefficient of pa)  and Lt b be the Joding cocfficent of qe.
Then f60 hos o HA. of 3=% (Tris is becaust +he numurafor and donominafer grow ok the samt rote)



2. m>n: fo) hes o HA. o y=0 (This is becaust +the donominator grows ot o foster i than the numerator )
3 m<pn: ‘F(’O hos o H.A. (This is becaust +he  puwendor gows of o foster it tham e du\omimd'o'\

A when n=m+, FOO has on obligut osymplste . We con find Hue ubuai:-‘m for the O-A. through polynomial
‘ong division 9 Ip63

2i3x -4
CKOJI\PULS. %;.—: has o2 HA ot Y=o
x*-a
axes has o H.A. oiﬂ:l

e 222 |
=T

i oq has no H.A., buk does have an O.A., the line %42,

2%-d [xtans)

-(1‘49..3_4,5
R P
—(x® - g)

€dz-—discard.

l/(.siv\g X-nkeragts, a.g‘mpfbﬁ?—‘, and. st Poin’CS, we can cynpk o rakionol funchion, or deboming Hhe
»{armulaa{ a rokimal function from a. graph.

x’—8x -0

2= G2 (=3 (x4

We fiuk fackor the numertor and dwominador © - fGN= T amGed

Hoks: (x+2) is o factor of both the numunhy o dipomincdor, so  there s a hol at x=-2

inds:  (x-3),06¢) ”“{Mjm of the numeratsr, but not Hht denom., so thare se  xiwkenapts (3,0), €1,0)
VA () andl (-2) W-‘M*DTS 0’( e olenom. buk not tha M. gy ww ww VAS ok X0 and x=2.
Sina § v undefivud for x=0 (v.a) tww v w Y-inderapt

Sina +he dureminator hag dugre 3, amd tne unarator hos dugret 3, f o HA ot y=1

We con now plot \W\ﬁ asymptoles amd. the zeros.  The w-intucaphs tell ws which seckion of the

: aph the AL 6 i when X< 0 amd x>0  (in Hhuse awwas,

D o the it cannct cross the aggmptoles.  Horigontal asymptoles

: /,_. only effect ond. bhawiof, 5o whan 0<x<2, i+ may cross e KA.
l{[ Howewon, the (in2 may ot Cress Hu 3 exis, oA dww aw no

|

examples.  qroph foy=

O == = A

o

wints bhwen Oond 2. Se o single tast poink will fell
us whokt the line looks (it We daede »6” =l
foy- Loste | s -0 e Se Jha gaph stays above

2 -4’ -4 -3 -~ 3 20
the x-oxis bowetn O and 2. Finally, we place the hole ot x--2



exomple. Writt o possibl formuda {or the graph of feo

1
I
|
Sine thare is ahole ot 1=-2, (1+2) must be o —‘A.U"Df |
of bsth Hhe numeator and. denominator. :
Sing Hwu i e x-ink at x= 1, (X-1) must be m{ufaf :

Py

L (1,0) R

of the aumerator - o
- — - e _ T T/

Siaw Hww v a WA ek x=-(, (O must be a _éov(’v'r — ' [T
of fhe olunominador \\'
Sina the HA. uat y=-1, Hu M{ng wr.“.‘giwk must be -t !
M@f@, F( - DD

0= e (a1 ~ (6D _ - (2
We can chack  thok this forwula ogrees with da y-intowspt:  FO)= o T3 317

Domoins

7OV T~

4 f u a Puhal function on R (eg, o wokionak funckion or squan oot {-‘ur\c*m\ the ‘domain 0’( f ia
the st of all ol numbtrs x for which fy s definad.

Ry ,w;w

. (X [ i [
i foo= %i(%\ e, Fina bl funckion, then the domain  of £ s R\{xémlgmwf = [xeR\q00%]
in words: Hea domain of f i all real numbers exapt {or the 2ros of the dunomineder.

% ¥(1\=I3_‘:‘_*’—/ ie, Fisa spuore ot funchion, then the domain o fa {xeR ]| g=0f ie. gl ek s e

Mm.m.u“ﬂd Q
3%+ Ax -2

euamples. Gy | hes domain R\A 138 = fxel | x# 43 = (oo, -3) o (-3,1)0 (1, e0)

[
2120 & x23

Joax-1 +9 hos domain [Ifml’—é( = [%,00) , becaust
Compbs\‘\"nons:

Y #,3 o patial funchions on K, the domain oh Foq © the domain of (e simplified form o) foq intersected
witin Ha domain of, 9.

| x
examplss. fod= ¢, 90 xag . dom f= R\EY dom 4= R\
| fm? o
fegam= == 2 dom fqm RS RGN = R\fo,3

. fdrml'a» fﬁ""F
gefan = T © Trax ™ cem 3-{:= f&f’i"‘"\_\i’l = W\\IO,-ﬂ

-

RO = x3+3 , W®={x=1 . gdom h= R dom b = frerl x=1 = L1,00)
dora X2 I_Jm—k
hok(d) = (JERY 3= 2-143= x¢2 ~= dom hek = R 0 freplosd = frer [x=1f

kG = Jxra- - J2 | pote that 234220 @ 2*2-2. sinao squane ia always non-negadive,  Hisis o forall xeR .

A~ dom keh = [PJ\I?} R

o
Jx‘«\



laverses
A /gund'l‘on (or pontial funcrion) is (inverkible Y ond only Y itis M&Ld’iv&/ ona-to-one

A {unckien s (injedkive if ond omly Y every oukput correspondd o o unigue input.  We con think obout this in o
e,tlu.iva!wf ways.

ool - <
\7"‘“\ nei® o S

Formally:  F i injeckive f ondonkg Y Vobcdomt, fane b = acb

G;cmokamng: ~ Mw;f P wgve ok oy e graphof § pusses pha bzl Lint bk
osses Hu bhori Lina tst ohan . : .
A*Pmos+ omt. spot when ony pssible borizontol Uit on Hhe plont  wutts He graph of f in

exomples. 05505, $o i inpckve, so s invenkible.
7 :’ P =,

x* i ] iﬂ fails, 50 is wot ;.\Jgd—'.ua, so hog no invense.

“ ppore existe”
The domain s qqual o Hha e [x -9f . ;
0‘(, f Yy ange of £, {4 f&la.kﬂﬂ/....,wa:ﬁﬁth%m

) - , .
To —‘mi f , swop ol tnstonws of K with q omd  swop £ with %, than solue for 9

( | I

exomple . foy = x ~ A= g3 T 93t T 7Yt X 3 ~ 'eo- T'(—S
Twe congt of £ ia R\ (Hna «ty0), 50 dom §7'=R\fo)



